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Energy Equations

I = a+b;vectH = I1Sin[¢s[t]] {-Sin[es[t]], Cos[es[t]], O}es™[t] +
I {Cos[es[t]] Cos[¢s[t]], Sin[es[t]] Cos[¢s[t]], -Sin[¢s[t]]1} ¢s™[t];
vectS = aSin[¢s[t]] {-Sin[es[t]], Cos[es[t]], O}es"[t] +
a {Cos[es[t]] Cos[¢s[t]], Sin[es[t]] Cos[és[t]], -Sin[¢s[t]]} ¢s™[t];
absVectH = FullSimplify[Norm[vectH], {es[t] € Reals, ¢s[t] € Reals,
6s"[t] € Reals, ¢s"[t] € Reals, a € Reals, b € Reals}]
absVectS = FullSimplify[Norm[vectS], {es[t] € Reals, ¢s[t] € Reals, 6s"[t] € Reals, ¢s”[t] € Reals, a € Reals}]

Abs[a+b] \/Sin[qbs[t] 1265 [t]2 + ¢s'[t]2

Abs[a] \/Sin[cbs[t] 1265 [t]2+ ¢s'[t]2
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vectNS =

absVectNS =

D[{l Cos[es[t]] Sin[¢s[t]] - bCos[ens[t]] Sin[¢ns[t]],
1 Sin[es[t]] Sin[¢s[t]] - bSin[ens[t]] Sin[¢ns[t]], I Cos[¢s[t]] - bCos[ens[t]]}, t];

FullSimplify[Norm[vectNS], {vectNS e Reals}]

v ((bSin[ens[t]] Sin[¢ns[t]] ens'[t] - (a+b) Sin[es[t]] Sin[¢s[t]] 6s [t] -
bCos[ens[t]] Cos[¢ns[t]] ¢ns’[t] + (a+b) Cos[os[t]] Cos[ps[t]] ¢s'[t])2 +
(€]

=

1 a2n
5 (a
m ((bSin[ens[t]] Sin[¢ns[t]] ens [t] - (a+b) Sin[es[t]

(bCos[ens|t

11 Sin[¢ns[t]] 6ns’ [t] - (a+b) Cos[es
(a+b) Cos[os[t]] Sin[es[t]] ¢s'[t])? +

Sin[¢s[t]] es [t] +bCos[¢ons[t]] Sin[ons]

]
(bSin[¢ns[t]] ¢ns'[t] - (a+b) Sin[¢s[t]] ¢s'[t])?)

mgacCos[¢s[t]] + (M + m) gl Cos[¢s[t]] - mgbCos[¢ns[t]];
FullSimplify[1l/2MPower[absVectH, 2] + 1/2 mPower[absVectS, 2] + 1/2 mPower[absVectNS, 2],
{es[t] € Reals, ¢s[t] € Reals, ens[t] € Reals, ¢ns[t] € Reals, es"[t] € Reals,

b Cos[ens

(bCos[ens[ ]

(a+b) C

m (Sin[¢s[t]]?

] Si
S[¢

os' [t]2 + ¢S’ [t]?) + (a+b)?

s[t]] Sin[es|

t]] ¢s'[T

¢s"[t] € Reals, ens™[t] € Reals, ¢ns"[t] € Reals, a € Reals

1)+

M (Sin[¢s[t]]2es [t]? + ¢S [t]?) +

Sin[¢s[t]] os'[t] -

]

1 Si
[t]] Cos[¢ns[t]] ¢ns'[t] + (a+b) Cos[es[t]] Cos[¢s[t]] ¢S’ [t])? +
ni¢ns[t]] ons [t] - (a+b) Cos[es[t]

, b e Reals, m € Reals, M € Reals}]

t]] ons’[t] -

] Sin[¢s[t]] es’ [t] +bCos[¢ns[t]] Sin[ens[t]] ¢ns’ [t] -
(bSin[¢ns[t]] ¢ns'[t] - (a+b) Sin[¢s[t]] ¢s'[t])?))

Lagrangian Formulation

L =

bgmCos[¢ns[t]]

2

K-U

1 g2

m (Sin[¢s[t]

m ((bSin[ens[t

(bCos[ens[t

(a+b) Co

]2

-agmCos[¢s[t]] - (a+b) g (m+M) Cos[os[t]] +
os [t]2 + ¢s’[t]?) + (a+Db)?

M (Sin[¢s[t]]26s [t]2 + ¢S’ [t]?) +

11 Sin[¢ns[t]] eons’ [t] - (a+b) Sin[es[t]] Sin[¢s[t]] 68 [t] -
b Cos[ens[t]] Cos[ons[t]] ¢ns'[t] + (a+b) Cos[es[t]] Cos[os[t]] ¢s'[t])2 +
]Sin[¢ns[t]]ens’ [t] - (a+b) Cos[os[t]] Sin[¢s[t]] 6s [t] +bCos[ons[t]]

]
s

[¢s[t]] Sin[es[t

11 ¢s'[

t])?

+ (bSin[¢ns[t]] ¢ons’'[t] - (a+b) SIin[¢s[t]] ¢S’

Si
[

nienst
t])?))

11 ons’[

t] -
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m The following shows that this Lagrangian accurately simplifies to the previously derived 2D model by
constraining this model to two dimensions:

FullSimplify[L /. {es[t] » Pi/2, ens[t] » Pi/2, es"[t] » 0, ens"[t] - 0}]

1

> (2bgmCos[ons(t]] -2g ((2a+b) m+ (a+b) M) Cos[¢ps[t]] +bZmens [t]? -

2b (a+b)mCos[¢ns[t] - ¢s[t]] ¢ns’[t] ¢s'[t] + ((2a%2+2ab+b2) m+ (a+b)2M) ¢s'[t]?)

Equations of Motion

Ldens = D[L, ens[t]]; Ld¢ns = D[L, ¢ns[t]]; Ldes = D[L, es[t]]; Ld¢s = D[L, ¢s[t]]; Ldensdot = D[L, ens"[t]];
Ldensdotdt = D[Ldensdot, t]; Ld¢nsdot = D[L, ¢ns”"[t]]; Ldonsdotdt = D[Lde¢nsdot, t];
Ldesdot = D[L, es"[t]]; Ldesdotdt = D[Ldesdot, t]; Ld¢sdot = D[L, ¢s"[t]]; Ld¢sdotdt = D[Ld¢sdot, t];

FullSimplify[Ldg¢nsdotdt - Ld¢ns == 0]
FullSimplify[Ld¢sdotdt - Ld¢s == 0]
FullSimplify[Ldensdotdt - Ldens = 0]
FullSimplify[Ldesdotdt - Ldes == 0]

bm (bSin[2¢ns[t]] ons [t]2-2 (gSin[¢ns[t]] + bons” [t]) +
2 (a+b) Cos[¢s[t]] (2Cos[¢ns[t]] Sinjens[t] -6s[t]] 65’ [t] ¢s'[t] +
Sin[¢ns[t]] ¢s'[t]2 + Cos[ons[t] - 6s[t]] Cos[ons[t]] ¢s”[t]) +2 (a+b) Sin[¢s[t]]
(Cos[¢ns[t]] (-Cos[ens[t] -es[t]] (6s' [t]%+ ¢S [t]?) +Sin[ens[t] -es[t]] 6s”[t]) +Sin[¢ns[t]] ¢s”[t])) =

2g (b m+M) +a(2m+M)) Sin[¢s[t]] +2b (a+b) mSin[qﬁns[t]}
(Cos[¢s[t]] (-Cos[ens[t] -es[t]] (6ns’ [t]? + ¢ns’ [t]?) - Sin[ens[t] -6s[t]] ens”[t]) + Sin[¢s[t]] ¢ns”’[t]) +2b (a+b)
mCos[¢ns[t]] (Sin[¢s[t]] ¢ns’[t]2+Cos[ osS[t]] (- 28|n[9ns[t1 7es[t]1 ens’ [t] ¢ns [t] +Cos[éens[t] -o6s[t]] ons” [t])) +
((2a2+2ab+b2)ym+ (a+b)2M) (Sin[2¢s[t]] 65 [t]? -2 ¢s”[t]) =

bmSin[¢ns[t]] (b (2Cos[¢ns[t]] ens’ [t] ¢ns’ [t] + Sin[¢éns[t]] ens” [t]) +
(a+b) Sin[¢s[t]] (-Sin[ens[t] -e6s[t]] (65’ [t]?+ ¢s'[t]?) - Cos[ons[t] - os[t]] 65" [t]) -
(a+b) Cos[gps[t]] (2Cos[ens[t] -es[t]] es [t] ¢s' [t] -Sin[ens[t] -es[t]] ¢s”[t])) =

Sin[és[t]] (b (a+b) mSin[¢ns[t]] (Sin[ens[t] -6s[t]] (ens’[t]? + ¢ns’'[t]?) - Cos[ens[t] -es[t]] ens” [t]) +
((2a2+2ab+b?) m+ (a+b)2M) (2C0$[¢S[t]} s [t] ¢s'[t] +Sin[¢s[t]] 65" [t]) -
b (a+b)mCos[¢ns[t]] (2Cos[ens[t] -6s[t]] 6ns’[t] ¢ns’[t] +Sin[ens[t] -6s[t]] ¢ns”[t])) =0
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m Generalized model

M[e]e” +F[e,e]6 +q[e] =0
pns[t]
¢s[t]
ens[t]
os[t]

where, o6 =

M[¢ns[t], ¢s[t], ens[t], es[t]] :@=
{{b®m, -b (a+b) m (Cos[ens[t] -6s[t]] Cos[¢ns[t]] Cos[¢s[t]] +Sin[éns[t]] Sin[és[t]]),
0, -b (a+b) mCos[¢ns[t]] Sin[ens[t] -es[t]] Sin[¢s[t]]},
{-b (a+b) m (Cos[ens[t] -es[t]] Cos[eéns[t]] Cos[¢s[t]] +Sin[éns[t]] Sin[és[t]]),
((2a%2+2ab+b?) m+ (a+b)?M), b (a+b) mCos[¢s[t]] Sin[ens[t] -e6s[t]] Sin[éns[t]], O},
{0, b (a+b) mCos[¢s[t]] Sin[ens[t] -es[t]] Sin[¢ns[t]], bZmSin[¢ns[t]]?,
-b (a+b) mCos[ens[t] -es[t]] Sin[¢ns[t]] Sin[¢s[t]]},
{-b (a+b) mCos[¢ns[t]] Sin[ens[t] -es[t]] Sin[¢s[t]], O, -b (a+b) mCos[ens[t] -es[t]] Sin[¢éns[t]] Sin[és[t]],
((2a2+2ab+b?) m+ (a+b)?M) Sin[¢s[t]]1%}}

Fl¢ns[t], ¢s[t], ens[t], es[t], ¢éns”[t], ¢s"[t], ens”[t], es™[t]] :=
{{0, b (a+b) m (Cos[ens[t] -es[t]] Cos[éns[t]] Sin[¢s[t]] ¢s'[t] -

Cos[¢s[t]] (Cos[¢ns[t]] Sin[ens[t] -es[t]] es'[t] +Sin[¢ns[t]] ¢s'[L])), ——;- b?mSin[2 ¢ns[t]] ens’ [t],

b (a+b) mCos[¢ns[t]] (Cos[ens[t] -es[t]] Sin[¢s[t]] 6s [t] -Cos[¢s[t]] Sin[ens[t] -e6s[t]] ¢S’ [t])},
{b (a+b) m (Cos[¢ns[t]] Cos[ps[t]] Sin[ens[t] -es[t]] ens’'[t] +

(Cos[ens[t] -es[t]] Cos[¢s[t]] Sin[¢ns[t]] - Cos[ens[t]] Sin[¢s[t]]) éns’[t]), O,
b (a+b) mCos[¢s[t]] (Cos[ens[t] -es[t]] Sin[éns[t]] ens’[t] + Cos[¢pns[t]] Sin[ens[t] -es[t]] ¢ns'[t]),

1 .
-5 ((2a?+2ab+b?) m+ (a+b)?M) Sin[2¢s[t]] es'[t]},

{b?mCos[¢ns[t]] Sin[éns[t]] ens’ [t], -b (a+b) mSin[¢ns[t]]
(Cos[ens[t] -es[t]] Cos[¢s[t]] ©s’[t] +Sin[ens[t] - es[t]] Sin[¢s[t]] ¢s’ [t]), b>mCos[¢ns[t]] Sin[éns[t]] ¢ns’'[t],
-b (a+b) mSin[¢ns[t]] (Sin[ens[t] -es[t]] Sin[¢s[t]] es’'[t] + Cos[ens[t] -es[t]] Cos[¢s[t]] ¢S’ [t])},
{-b (a+b) mSin[¢s[t]] (Cos[ens[t] -es[t]] Cos[¢ens[t]] ens’[t] -Sin[ens[t] -es[t]] Sin[¢éns[t]] ¢ons'[t]),
((2a2+2ab+b?) m+ (a+b)?M) Cos[¢s[t]] Sin[és[t]] es'[t],
-b (a+b) mSin[¢s[t]] (-Sin[ens[t] -es[t]] Sin[¢ns[t]] ens’[t] + Cos[ens[t] -6s[t]] Cos[¢ns[t]] ¢ns’[t]),
((2a2+2ab+b?) m+ (a+b)?M) Cos[¢s[t]] Sin[és[t]] ¢s’[t]}}

gl¢ns[t], ¢s[t], ens[t], es[t]] := {bgmSin[¢ns[t]], -g (b (m+M) +a (2m+M)) Sin[¢s[t]], O, O}
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m Normalized form (u = M/m, 8 =b/a)

ma®> M[o] 6" + F[6, 6] & + %q[e] =0

¢ns[t]
¢s[t]
where, o = ons [t]
os[1]
M11 := B?;
M12 := - (B +1) B (Cos[ens[t] -es[t]] Cos[ons[t]] Cos[os[t]] +Sin[ens[t]] Sin[¢s[t]]);
M13 == O;
M14 := - (B +1) BCos[¢ns[t]] Sin[ens[t] -es[t]] Sin[¢sS[t]];
M21 = - (B +1) B (Cos[ens[t] -es[t]] Cos[eéns[t]] Cos[¢s[t]] + Sin[éns[t]] Sin[ésS[t]]);
M22 = ((1+ B)2% (u + 1) + 1);
M23 = (B +1) BCos[¢s[t]] Sin[ens[t] -es[t]] Sin[¢éns[t]];
M24 -= 0; M31 = O;
M32 = (B +1) BCos[¢s[t]] Sin[ens[t] -es[t]] Sin[éns[t]];
M33 := p2Sin[¢ns[t]]1%;
M34 = - (B +1) BCos[ens[t] -es[t]] Sin[¢ns[t]] Sin[¢s[t]];
M41 := - (B +1) BCos[¢ns[t]] Sin[ens[t] -es[t]] Sin[¢s[t]];
M42 = 0;
M43 := - (B +1) BCos[ens[t] -es[t]] Sin[¢ns[t]] Sin[¢s[t]];
M44 := ((1+ B)2 (u + 1) + 1) Sin[¢s[t]]1?%;
F11 := 0;

F12 = (B +1) B (Cos[ens[t] -es[t]] Cos[éns[t]] Sin[¢sS[t]] ¢S [L] -
Cos[¢s[t]] (Cos[ens[t]] Sin[ens[t] -es[t]] es’[t] +Sin[¢éns[t]] ¢s'[t]));

1
F13 := -EﬁZSin[Zcbns[t]] ens’[t];

F1l4 = (B +1) BCos[éns[t]] (Cos[ens[t] -es[t]] Sin[¢s[t]] es’'[t] - Cos[¢s[t]] Sin[ens[t] -es[t]] ¢s'[t]);
F21 = ((B +1) B (Cos[¢ns[t]] Cos[es[t]] Sin[ens[t] -es[t]] ens’[t] +
(Cos[ens[t] -es[t]] Cos[¢s[t]] Sin[¢ns[t]] - Cos[¢ons[t]] Sin[¢s[t]]) ¢ns'[t]));
F22 := O;
F23 = (B +1) BCos[¢s[t]] (Cos[ens[t] -es[t]] Sin[¢ns[t]] ens’' [t] + Cos[ens[t]] Sin[ens[t] -es[t]] ¢ns’[L]) ;

F24 : -% ((1+ B)2 (u+ 1) +1)Sin[2¢s[t]] 6s'[t];
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F31 := B2Cos[¢ns[t]] Sin[éns[t]] ens’ [t];

F32 := - (B +1) BSin[¢ns[t]] (Cos[ens[t] -es[t]] Cos[¢s[t]] es’[t] +Sin[ens[t] -es[t]] Sin[¢s[t]] ¢s'[t]);

F33 := B2Cos[¢ns[t]] Sin[éns[t]] ¢ns’[t];

F34 := - (B +1) BSin[¢ns[t]] (Sin[ens[t] -es[t]] Sin[¢s[t]] es’'[t] + Cos[ens[t] -es[t]] Cos[¢s[t]] ¢S’ [t]) ;

FA4l = - (B +1) BSin[¢s[t]] (Cos[ens[t] -es[t]] Cos[éns[t]] ens'[t] -Sin[ens[t] -es[t]] Sin[éns[t]] ¢ns'[t]) ;
F42 = ((1+ B)? (u + 1) + 1) Cos[¢s[t]] Sin[¢s[t]] 6s’ [t];

FA3 = - (B +1) BSin[¢s[t]] (-Sin[ens[t] -es[t]] Sin[¢ns[t]] ens’[t] + Cos[ens[t] -es[t]] Cos[¢éns[t]] ¢nsS’'[L]) ;
F44 -= ((1+ 3)2 (b +1) + 1) Cos[¢s[t]] Sin[¢s[t]] ¢s'[t];

M[¢ns[t], ¢s[t], ens[t], es[t]] :@=

{{M11, M12, M13, M14}, {M21, M22, M23, M24}, {M31, M32, M33, M34}, {M41, M42, M43, M44}};
Fl¢ns[t], ¢s[t], ens[t], es[t], ¢éns™[t], ¢s™[t], ens”[t], es™[t]] :=

{{F11, F12, F13, F14}, {F21, F22, F23, F24}, {F31, F32, F33, F34}, {F41, F42, F43, F44}};

ql¢éns[t], ¢s[t], ens[t], es[t]] := {BgSin[éns[t]], -g ((B + 1) (u + 1) + 1) Sin[¢s[t]], O, 0};

Testing Correctness

m Testing equivalence of the above matrix-form equations of motion:
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Zeroed = FullSimpIify[M[¢ns[t], ¢s[t], ens[t], es[t]]-{¢ens""[t], ¢s""[t], ens""[t], es""[t]} +
Fl¢ns[t], ¢s[t], ens[t], 6s[t], ¢ns"[t], ¢s™[t], 6NS"[t], 6s”[t]]-{¢4ns”[t], ¢s™[t], éns”[t], 6s"[t]} +

1
< alens(t], ¢s[t], ens[t], es[t]] /. {u > M/m, B > b/a}];

FullSimplify[m a® Zeroed ==
{—-;- bm (bSin[2¢ns[t]] ens'[t]? -2 (gSin[¢ns[t]] +b¢ns” [t]) +2 (a+b) Cos[¢s[t]] (2Cos[ens[t]] Sin[ens[t] - es[t]]

os’[t] ¢s’[t] + Sin[¢ns[t]] ¢s'[t]? + Cos[ens[t] - 6s[t]] Cos[éns[t]] ¢S [t]) +2 (a+b) Sin[es[t]]
(Cos[¢ns[t]] (-Cos[ens[t] - es[t]] (6s'[t]? + ¢S [t]?) +Sin[ens[t] -es[t]] es”[t]) +Sin[ens[t]] ¢s”[t])),
-g(bm+M)+a (2m+M)) Sin[¢s[t]] -b (a+b) mSin[éns[t]]
(Cos[¢s[t]] (-Cos[ens[t] -es[t]] (ens’ [t]? + ¢ns’[t]?) - Sin[ens[t] -es[t]] ens” [t]) +Sin[¢s[t]] ¢ns” [t]) -b
(a+b) mCos[¢ns[t]]
(Sin[¢s[t]] ¢ns’[t]? + Cos[¢s[t]] (-2Sin[ens[t] -es[t]] ens’[t] ¢ns’ [t] + Cos[ens[t] - es[t]] ¢ns” [t])) -

-;- ((2a2+2ab+b%) m+ (a+b)2M) (Sin[2¢s[t]] 6s’ [t]%?-2¢s” [L]),

bmSin[¢ns[t]] (b (2Cos[¢ns[t]] ens’' [t] ¢ns’[t] + Sin[énsS[t]] ens” [t]) +
(a+b) Sin[¢s[t]] (-Sin[ens[t] -es[t]] (6s'[t]? + ¢S’ [t]?) - Cos[ens[t] - es[t]] 6s” [t]) -
(a+b) Cos[¢s[t]] (2Cos[ens[t] -es[t]] es'[t] ¢s'[t] -Sin[ens[t] -es[t]] ¢s'[L])),
Sin[¢s[t]] (b (a+b) mSin[¢ns[t]] (Sin[ens[t] - es[t]] (ens’[t]? + ¢ns’ [t]?) - Cos[ens[t] - es[t]] ens” [t]) +
((2a2+2ab+b?) m+ (a+b)?>M) (2Cos[¢s[t]] 6s’[t] ¢s'[t] +Sin[¢s[t]] 6S”[t]) -
b (a+b) mCos[¢ns[t]] (2Cos[ens[t] -es[t]] ens’[t] ¢ns’[t] + Sin[ens[t] -es[t]] ¢ns”’ [t]))}]

True

m Testing correctness by fixing model in two dimensions, setting Ons[t] - Pi/2, 6s[t] —» Pi/2:

MatrixForm[FullSimplify[M[éns[t], ¢#sS[t], ens[t], es[t]] /. {ens[t] » Pi/2, es[t] -» Pi/2}]]

B2 -B (1+B) Cos[¢ns[t] -¢s[t]] O 0
~B (1+pB) Cos[¢ns[t] -¢s[t]] 1+ (1+p)2 (L+p) 0 0
0 0 B2Sin[¢ns[t]]? -B (1+pB)Sin[¢ns[t]] Sin
0 0 -B (L+p) Sin[¢ns[t]] Sin[¢s[t]] (1+ (1+B)% (1+pu)) Sin[¢

We see in the above simplified matrix that the top-left 2x2 submatrix is exactly the same as Goswami's. Only this 2x2 matrix matters because M is multiplied
by the second order angle vector, and the 6 terms are all zero.
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MatrixForm[FullSimplify[F[¢ns[t], ¢s[t], ens[t], 6s[t], éns"[t], ¢s"[t], ens"[t], 6s"[t]] /-
{ens[t] -» Pi/2, es[t] » Pi/2, ens"[t] » 0, es"[t] » 0}]]

0 -B (1+pB)Sin[¢ns[t] -¢s[t]] ¢s'[t] O 0

B (1+pB)Sin[¢ns[t] -¢s[t]] ons’'[t] O 0 0

0 0 B2Cos[¢ns[t]] Sin[¢ns[t]] ¢ns’ [t] -8 (1
0 0

-B(1+pB) Cos[pns[t]] Sin[¢s[t]] ¢ns’'[t] (1 +
Similarly, the above simplified top-left submatrix is the same as Goswami's.
MatrixForm[q[éns[t], ¢s[t], ens[t], es[t]]]
gpSin[¢ns(t]]
g (1+(1+B8) (1+p)) Sin[¢s[t]]

0
0

Clearly, the potential remains the same since it is independent of the 6 terms. Thus, all the matrices simplify to the 2D model when fixed in two dimensions.

Simplification investigations

m Fix the angle (2 @) between the legs:

FullSimplify[L /. {¢S[t] » 2a + ¢nS[t], ¢S [t] > ¢nsS”[t]}]

% (2bgmCos[¢ns[t]] -2g ((2a+b)ym+ (a+b) M) Cos[2a+¢nsS[t]] +

bZ2mSin[¢ns[t]]?ens’ [t]1?+ ((2a2+2ab+b2)m+ (a+b)2M) Sin[2a+¢ns[t]]2es [t]? -
2b (a+b) mCos[¢
(C

ns[t]] Sin[ens[t] -6s[t]] Sin[2a+¢ns[t]] 6s' [t] ¢éns’[t] + (2 (a2 +ab+b%)m+ (a+b)Z M-
2b (a+b) m (Cos[ens[t] -es[t]] Cos[¢ns[t]] Cos[2a+ ¢ns[t]] + Sin[¢ns[t]] Sin[2a+éns[t]])) ¢ns’ [t]%+2b (a+b) m
Sin[¢ns[t]]ens’ [t] (-Cos[ons[t] -6s[t]] Sin[2a+¢ns[t]]es [t] +Cos[2a+o¢ns[t]] Sin[ens[t] -e6s[t]] ¢ns'[t]))

This results in one cyclic variable, ¢s[t]; L is in terms of ¢ns|[t], Ons[t] , 6s[t], ons'[t], Ons'[t] , B5'[t].
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M
m Take the limitas — approaches infinity :
m

MatrixForm[FullSimplify[{M[éns[t], ¢ésS[t], ens[t] , es[t]][[1l]]., Expand[M[¢ns[t], ¢s[t], ens[t] , es[t]]1[[2]]/u]l.,
M[¢ns[t], ¢s[t], ens[t] , es[t]][[3]]1, Expand[M[¢ns[t], ¢s[t], ens[t] , 6s[t]1][[4]]/r]l} /- u » =]]

B2 -B(1+pB) (Cos[ens[t] -os[t]] Cos[¢ns[t]] Cos[¢ps[t]] +Sin[¢ns[t]] Sin[és[t]]) O -B (1+pB) Cos[ons|
0 (1+p)2 0 0

0 B (1+B)Cos[os[t]] Sin[ens[t] -6s[t]] Sin[¢ns[t]] B2Sin[¢ns[t]]?> -B (1+p) Cos[ens]
0 O 0 (1+p)2Sin[¢s[t]]

This results in no cyclic variables, so the above approach does not offer a significant simplification of the model.

b
m Take the limitas — approaches infinity :
a

MatrixForm[FullSimplify[Expand[ (M[¢nsS[t], ¢sS[t], ens[t] , es[t]]1/B"2)] /- B » =]]

1 -Cos[eons[t] -os[t]] Cos[¢ns[t]] Cos[¢ps[t]] - Sin|
-Cos[ens[t] -os[t]] Cos[pns[t]] Cos[¢ps[t]] -Sin[¢ns[t]] Sin[¢s[t]] 1+u

0 Cos[¢s[t]] Sin[ons[t] -6s[t]] Sin[¢ns[t]]
-Cos[¢ns[t]] Sin[ens[t] -es[t]] SIin[¢s[t]] 0

This results in no cyclic variables, so the above approach does not offer a significant simplification of the model

m Set Ons[t] equal to 6s[t] (the x-y plane angles are equal):

Msimple[¢ns[t], ¢sS[t], ens[t] , es[t]] = FullSimplify[M[éns[t], ¢#sS[t], ens[t] , es[t]] /- {ens[t] - es[t] -» 0}];
MatrixForm[Msimple[¢ns[t], ¢#sS[t], ens[t] , 6s[t]]]

B2 -B (1+p) Cos[¢ns[t] -¢s[t]] O 0
-B(1+pB) Cos[ons[t] -¢s[t]] 1+ (1+B)% (1+p) 0 0
0 0 B2Sin[¢ns[t]]? -B (1+pB)Sin[¢ns[t]] Sin

0 0 -B(1+B)Sin[¢ns[t]] Sin[¢s[t]] (1+(1+B>2(1+u>)8in[d)
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MatrixForm[q[éns[t], ¢s[t], ens[t] , es[t]]]

gBSin¢ns(t]]

-9 (1+(1+B) (L+u)) Sin[¢s[t]]
0

0

This results in two cyclic variables, 6ns[t] and 6s[t].

Using the formula (remember that the generalized system is normalized, so include all terms):

L(a,a%) = 3 T.(ma’M (@)).q" - U(a) = 3ma’ (@ "M (@).q%) - U (q)

where g(q) = gradient(U(q)), thus

U =
Integrate[-mag (1+ (1+B3) (1L+u)) Sin[¢s[t]], ¢s[t]] + Integrate[(mag BSin[¢ons[t]], éns[t]]

... we get the following Lagrangian in terms of ¢ns[t], ¢s[t], #ns'[t], ¢s'[t], 6s'[t]:

Lsimple[¢ns[t], ¢s[t], ¢ns”[t], ¢s”[t], 6s"[t]] =
FuIISimpIify[—;—ma2 ({pns"[t], #s"[t], ens”[t] , 6es"[t]}- Msimple[¢ns[t], ¢sS[t], ens[t] , es[t]]-
{pns " [t], ¢s"[t], ens"[t] , es"[t]}) - U /. {u > M/m, B > b/a, ens”"[t] -» es'[t]}]
bgmCos[¢ons[t]] -g (b (m+M) +a (2m+M)) Cos[os[t]] +
% ((b2mSin[¢ns[t]]?>-2b (a+b) mSin[¢ns[t]] Sin[¢s[t]] + ((2a2+2ab+b2)m+ (a+b)2M) Sin[¢s[t]]?) es [t]? +
b?m¢ns’ [t]2-2b (a+b) mCos[¢ns[t] - ¢s[t]] ¢ons’ [t] ¢s'[t] + ((2a%+2ab+b%) m+ (a+b)2M) ¢s'[t]?)

Reduced 3D Model

m Routhian Formulation

Routhian = L[¢, ¢, 6"] - ce-"
¢ns [t]

where ¢ = (gbs[t]

), 6" = c/m2[¢]
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Ml[¢ns[t], ¢s[t]] :=

{{b®m, -b (a+b) mCos[¢ns[t] - ¢S[t]1]1}, {-b (a+b) mCos[éns[t] - ¢s[t]], (2a%+2ab+b?) m+ (a+b)?M}}
M2[éns[t], ¢s[t]] := {{bZmSin[¢ns[t]]?%, -b (a+b) mSin[¢ns[t]] Sin[¢s[t]]},

{-b (a+b) mSin[¢ns[t]] Sin[és[t]], ((2a2+2ab+b2) m+ (a+b)2M) Sin[¢s[t]]1°}}

o[t] {{¢ns[t]}, {és[t]}};
e[t] {{ens[t]}, {6S[t]}};
m2[¢ns[t], ¢s[t]] =
FullSimplify[First[First[Transpose[o[t]].M2[¢ns[t], ¢S[t]].e[t] /. {ens[t] -» es[t]}]]/es[t]?];
edot = c/m2[¢ns[t], ¢sS[t]]

C
b2mSin[¢ns[t]]?-2b (a+b) mSin[¢ns[t]] Sin[¢s[t]] + ((2a2+2ab+b2)m+ (a+b)?M) Sin[¢s[t]]?

R = FullSimplify[Lsimple[¢ns[t], ¢sS[t], ons"[t], ¢s"[t], 6s"[t]] - ces™[t] /. es™[t] - edot]
% 2bgmCos[¢ns[t]] -2g ((2a+b)m+ (a+b) M) Cos[ps[t]] -

C2
bZmSin[gns[t]]2-2b (a+b) mSin[éns [t]] Sin[¢s[t]] + ((2a2+2ab+b2) m+ (a+b)2M) Sin(és[t]]2

bZ2mons’ [t]12-2b (a+b) mCos[¢ns[t] - ¢s[t]] éns’ [t] ¢s'[t] + ((2a2+2ab+b2) m+ (a+b)2M) ¢s'[t]?

m Equations of Motion

Rd¢ns = D[R, ¢ns[t]]; Rd¢s = D[R, ¢s[t]]; Rdg¢nsdot = D[R, ¢ns"[t]];
Rd¢nsdotdt = D[Rd¢nsdot, t]; Rd¢sdot = D[R, ¢s"[t]]; Rd¢sdotdt = D[Rd¢sdot, t];
FullSimplify[Rdg¢nsdotdt - Rd¢ns = 0]
FullSimplify[Rd¢sdotdt - Rd¢s == 0]
c2Cos[¢ns[t]] (-bSin[é¢ns[t]] + (a+b) Sin[¢s[t]])

bm|gSin[¢ns[t]] + > -
(b2mSin[¢ns[t]]2-2b (a+b) mSin[¢ns[t]] Sin[¢s[t]] + ((2a2+2ab+b2) m+ (a+b)?M) Sin[¢s[t]]?)

(a+b) Sin[ons[t] - ¢s[t]] ¢s [t]2+bons” [t] - (a+b) Cos[gns[t] - ¢ps[t]] ¢s”[t] | =

b (a+b)mSin[éns[t] - ¢s[t]] ¢ns’ [t]1%+ ((2a2+2ab+b2)m+ (a+b)2M) ¢s”[t] =g (b (M+M) +a (2m+M)) Sin[¢s[t]] +
c2Cos[¢s[t]] (-b (a+b) mSin[¢ns[t]] + ((2a2+2ab+b2)m+ (a+b)?M) Sin[¢s[t]])
(b2mSin[¢ns[t]]12-2b (a+b) mSin[¢ns[t]] Sin[és[t]] + ((2a2+2ab+b2)m+ (a+b)2M) Sin[¢s[t]]?)
b (a+b)mCos[¢ns[t] - ¢s[t]] ¢ons” [t]

+

2



biped3dmodel.nb 12

m Generalized/Normalized Model (8 = b/a, u = M/m):
1

ma? (M[6] 0" + F[0, @1 &' + 5 QL8] + wog AUGLS]) - 0
where, ¢ = (zzs[t[]t])

Mreduced[¢ns[t], ¢s[t]] = {{B?, -B (1+B) Cos[¢ns[t] - ¢s[t]]1}, {-B (1+B) Cos[¢ns[t] -¢s[t]], 1+ (1+B)? (L+u)}}
MatrixForm[Mreduced[¢ns[t], ¢sS[t]]]

32 -B (1+pB) Cos[ons[t] - ¢s[t]]
-B (1+pB) Cos[ons[t] -¢s[t]] 1+ (1+8)% (L+p)

Freduced[¢ns[t], ¢s[t], ¢ns"[t], ¢s™[t]] :=
{{0, -B (1 +B) Sin[¢ns[t] - ¢s[t]] ¢s'[t]}, {B (1+B) Sin[éns[t] -¢s[t]] ¢ns’[t], O}}
MatrixForm[Freduced[¢ns[t], ¢S[t], ¢ons”[t], ¢sS"[t]]]

0 -B(1+p)Sin[¢ns[t] - ¢s[t]] ¢s'[t]
B (1+pB)Sin[éns[t] -¢s[t]] ¢ons'[t] O

greduced[¢ns[t], ¢s[t]] = {gBSIN[éns[t]], -g (1+ (1 +B) (L+u)) Sin[¢s[t]]}
MatrixForm[greduced[¢ns[t], ¢S[t]]]

gBSin[¢ns(t]] )
-0 (1+(1+B) (L+u)) Sin[¢s[t]]

c2BCos[¢ns[t]] (-BSin[¢ns[t]] + (1L +B) Sin[¢s[t]])

auglens[t], ¢s[t]] := { 2
(B2Sin[¢ns[t]12-2 (B + 1) BSIN[¢ns[t]] Sin[¢s[t]] + ((1 + B)2 (u + 1) + 1) Sin[¢s[t]]1?)

c2Cos[¢s[t]] ((B + 1) BSIn[ens[t1] - ((1 + B)® (u + 1) + 1) Sin[¢s[t]])

(B2Sin[éns[t]]12-2 (B + 1) BSin[gns[t]] Sin[¢s[t]] + ((1 + B)2 (u + 1) + 1) Sin[és[t]]?)°
MatrixForm[aug[éns[t], ¢s[t]]]

c2BCos[¢ns[t]] (-BSin[¢ns[t]]+(1+B) Sin[¢s[t]])
(B2 Sin([¢ns[t]]2-28 (1+8) Sin[¢ns[t]] Sin[¢s[t] ]+ (1+(1+8)2 (1+u)) Sin[¢s[t]]2)?
c?Cos[¢s[t]] (B (1+B) Sin[¢ns[t]]-(1+(1+p)2 (1+u)) Sin[és[t]])
(B2 Sin[¢ns[t]]2-23 (1+B) Sin[¢ns[t]] Sin[¢s[t]]+(L+ (1+6)2 (1+y)) Sin[e¢s[t]]2)?
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m Testing equivalence of the above matrix-form equations of motion:

Zeroed = FullSimplify[
Mreduced[¢ns[t], ¢s[t]]-{¢ns""[t], ¢s""[t]} + Freduced[¢ns[t], ¢s[t], ¢ns”[t], ¢s”[L]]-{éns"[t], ¢s"[L]} +

E—qreduced[¢ns[t], ¢s[t]] + ——E——aug[¢ns[t], ¢s[tl]1 /. {u > M/m, B > b/a}];
a m2 a4

FullSimplify[m a® Zeroed == {bm |gSin[¢ns[t]] +

c2Cos[¢ns[t]] (-bSin[¢ns[t]] + (a+b) Sin[¢s[t]])

(b2mSin[éns[t]]2-2b (a+b) mSin[¢ns[t]] Sin[¢s[t]] + ((2a2+2ab+b2) m+ (a+b)2M) Sin[és[t]]2)"
(a+b) Sin[éns[t] - ¢s[t]] ¢s'[t]1° + bens” [t] - (a +b) Cos[éns[t] - ¢s[t]] ¢s” [t]],

b (a+b) mSin[¢ns[t] - ¢s[t]] ¢ns'[t]12+ ((2a2+2ab+b%) m+ (a+b)2M) ¢s”[t] - g (b (M+M) +a (2m+M)) Sin[¢s[t]] -
c2Cos[¢s[t]] (-b (a+b) mSin[é¢ns[t]] + ((2a2+2ab+b?2) m+ (a+b)?M) Sin[¢s[t]])

(b2mSin[éns[t]]2-2b (a+b) mSin[éns[t]] Sin[é¢s[t]] + ((2a2+2ab+b2) m+ (a+b)2M) Sin[¢s[t]]?)”
b (a+b) mCos[¢ns[t] - ¢s[t]] ¢ns” [t]}]

True
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= ODE Form (x'[t] = f(x[t]))

MredInv[¢ns[t], ¢s[t]] = Inverse[Mreduced[¢ns[t], ¢sS[t]]];
Simpl ify[—MredInv[dms[t] , ¢s[t]]- (Freduced[dms[t] , ¢sS[t], ens"[t], oS [t]]-{enNS"[t], PosS"[t]} +

iqreduced[dms[t], ¢s[t]] + ! aug[¢ns[t], ¢S[t]])]
a m2 a4

{—[B (1+p) Cos[ons[t] - ¢s[t]] [_ g (2+B+u+Bp) Sin(es(t]] |

a

c?Cos[¢s[t]] (B (1+p) Sin[¢ns[t]] - (1+ (1+5)2 (1+p)) Sin[¢s[t]])
a*m2 (2Sin[¢ns[t]]2-25 (1+p) Sin[¢ns[t]] Sin[¢s[t]] + (L+ (1+p)% (1+p)) Sin[¢s[t]]?)

5 +

B (L+p) Sin[¢ns[t] - ¢s[t]] ¢ns' [t]?| + B (L+ (L+B)% (1+p))

[gSinmns[t}] . c2Cos[ons[t]] (-BSin[¢ns[t]] + (1 +3) Sin[¢s[t]])
2

a a*m2 (B2Sin[¢ns[t]]12-25 (1+p5) Sin[¢ns[t]] Sin(¢s(t]] + (L+ (1+5)2 (1L+u)) Sin[¢s[t]]?)

(1+8) Sin[¢ns[t] - ¢s[t]] ¢>S'[U2]]/

+

(B2 (1+ (1+B)2 (L+p) - (L+p)2Cos[ons[t] -

( g (2+B+u+pBu) Sin[¢s[t]]
a

c?Cos[¢s[t]] (B (1+p) Sin[ens[t]] - (1+ (1+5 (1+u)) Sin[¢s(t]])
atm2 (B2Sin(ens[t]]%-24 (1+p) Sin[¢ns[t]] Sin[¢s[t J] +(1+B)2 (1+p)) Sin[¢s[t]]?)
B (1+p) Sin[¢ns[t] - ¢s[t]] ¢ns [t]?+ (1 + ) Cos[¢ns[t] - [ 1]
gsinigns(t]] c? Cos[¢ns[t]] (- /ss-n[czmS[ 1]+ (1+p) Sin[¢s[t]])
a atm2 (B2Sin[¢ns[t]]?-24 (1+p) Sin[¢ns[t]] Sin[¢s[t]] + (1+ (1+B)% (1+u)) Sin[¢s[t]]?)

5 +

2

(1+p) Sin[¢ns[t] - ¢s[t]] ¢s’[t}2)]/<1+ (1+B8)% (L+pu) - (L+B)*Cos[¢ns[t] - ¢s[t]]?) }
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m Further simplifications:

g (2+B+u+Bu) Sin[¢s[t]] .
a

Simplify[FuIISimplify[- B (1+B) Cos[ens[t] - ¢S[t]] [-

c2Cos[¢s[t]] (B (1+B) Sin[¢ns[t]] - (L+ (L+B)? (1+u)) Sin[¢s[t]])

.
at m2 (B2 Sin[¢ns[t]]12 -2 (1+B) SIn[¢ns[t]] Sin[¢s[t]] + (1+ (1+8)2 (L+u)) Sin[¢s[t]]%)°

B (1+B) Sin[¢ns[t] - ¢s[t]] ¢ns’[t]2] +B(L+ (1+B)% (L+p))

(gSin[de[t]] c?Cos[¢ns[t]] (-BSin[éns[t]] + (1+B) Sin[¢s[t]])
. _
a a%m2 (B2 Sin[¢ns[t]]12 -2 (1+B) SIn[¢ns[t]] Sin[és[t]] + (1+ (1 +B)2 (1+u)) Sin[¢s[t]]%)°

(1+8) Sin[¢ns[t] - ¢s[t]] ¢s'[t12]]]/(/32 (L+(1+B)% (L+u) - (L+B)?Cos[¢ns[t] - ¢s[t]1%))]

(a5 (B[220 (2+u+p(2+8) (Lew)) Sin(ens[t]] +a%g (1+8) (2+6+u+Bu) COS[oNS[t] - ¢s[t]] Sin[¢s[t]] +
(€ ((1+B) (2+u+B(2+p) (L+u)) Sin[ons[t] -¢s[t]] Sin[¢s[t]]*+
%/3 ((B+2u+B((2+pB) (L+2u) - (l+B)2COS[2¢S[t}])Sin[Z(DnS[t]} -2 (1+/3)25in[¢ns[t}]ZSin[2¢s[t}])))/
(M (B2 Sin[6ns[t]12-26 (1+ ) Sin[ens[t]] Sin[¢s[t]] + (2+u+p (2+5) (L+p)) Sinfes[t]12)°) )] +

B(L+p)Sin[ens[t] -¢s[t]] (-5 (1+3) Cos[ons[t] - ¢S[t]] ¢ns' [t]%+ (2+pu+B (2+5) (L+p)) ¢s’[t]2>)/
(B2 (1L+ (1+B)% (L+u) - (L+pB)2Cos[ons[t] - ¢s[t]]?))
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9 (2+B+u+Bu) Sin[¢s[t]] .

Simplify[Expand[—( 3

c2Cos[¢s[t]] (B (1+B) Sin[¢ns[t]] - (L+ (L+B)? (1+u)) Sin[¢s[t]])

+

a%m2 (B2 Sin[¢ns[t112-28 (1+B) Sin[éns[t]] Sin[¢s[t1] + (1+ (1+B)% (L+u)) Sines[t]11?)”
B (1+B) Sin[¢ns[t] - ¢s[t]] ¢ns’[t]? + (1 +B) Cos[ens[t] - ¢sS[t]]
[gSin[qbnS[t]] c?Cos[¢ns[t]] (-BSin[éns[t]] + (1+B) Sin[¢s[t]])
+

a a%m2 (B2 Sin[¢ns[t]12 -2 4 (1+B) Sin[éns[t]] Sin[és[t]] + (L+ (1+B)2 (L+u)) Sin[¢s[t]]%)°

|1

(1+B) Sin[¢ns[t] - ¢s[t]] ¢s’ [t]?

1 [ c?B (1+pB) Cos[¢s[t]] Sin[¢ns[t]] .
a* | m2 (B2Sin[¢ns[t]]2-25 (1+4) SIN[ens[t]] SIN[¢S[t]] + (2+u+23 (L+u) + B2 (1+u)) Sin[¢s[t]]2)”
Sin[¢s(t]] |a>g (2+B+u+Bu) +
2 (2+p+2B (L+p) + B2 (L+u)) Cos[¢S[t]] )+(1+
m2 (B2 Sin[¢ns[t]]12 -2 3 (1+ /) Sin[ens[t]] Sin[¢s[t]] + (2+u+28 (L+u) + B2 (L+u)) Sin[¢s(t]12)”

B) Cos[¢ns[t] - ¢s[t]]

~ c2 (1+p8) Cos[ons[t]] Sin[¢s[t]] > +Sin[éns[t] ]

m2 (B2 Sin[¢ns[t]]? -2 B (1+B) Sin[¢ns[t]] Sin[¢s[t]] + (2+u+2B (L+p) + B2 (L+u)) Sin[¢s[t]]?)

c2 3Cos[éns[t]]
m2 (B2Sin[¢ns[t]]2-25 (1+p) Sin[¢ns[t]] Sin[¢s[t]] + (2+u+2B (L+u) +B2 (L+u)) Sin[es[t]]?)

,a3g+ 2

B (1+pB)Sin[¢ns[t] - ¢s[t]] ¢ns'[t12+% (1+B)2SiNn[2 (¢ns[t] - ¢s[t])]
¢S [t]?

FullSimplify[%]

1

== (—a3g (1+p) Cos[gns[t] - ¢s[t]] Sin[¢ns[t]] +

alg (2+B+u+pBu) Sin[¢s[t]] + (c2 (-2 (1+pB) Sin[¢ns[t]]2Sin[¢ns[t] - ¢s[t]] +
(-(L+p)?Cos[2¢ns[t] -¢s[t]] + (B+2u+pB (2+B) (L+2u)) Cos[¢s[t]]) Sin[¢s[t]])) /

(2m? (B2 Sin(ons[t]12- 28 (1+ ) Sin[¢ns[t]] Sin[¢S[t]] + (2+u+ B (2+8) (1+u)) Sin[es[t]]1%)?)) -
B (1+pB) Sin[¢ns[t] - ¢s[t]] ¢ns'm2+% (1+B)2Sin[2 (¢ns[t] - ¢s[T])]
¢s’ [t]?
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Simplify[%/ (1+ (L+B8)2 (1 +u) - (L+B)2Cos[¢ns[t] - ¢s[t]]1?)]

(% (-a®g (1+pB) Cos[¢ns[t] - ¢s[t]] Sin[¢ns[t]] +
a®g (2+B+pu+pBu) SIN[¢s[t]] + (€% (-28 (1+pB) Sin[gns[t] 1> Sin[ens[t] - ¢s[t]] +
(-(1+pB)?Cos[2¢ns[t] -¢s[t]] + (B+2u+B (2+B) (1+2u)) Cos[¢s[t]]) Sin[¢s[t]])) /
(2m2 (B2 Sin[ens[t]]12-28 (1+B) Sin(¢ns[t]] SIn[¢s[t]] + (2+u+B (2+B) (L+w)) Sin[es[t]12)%)) -
B (1+5) Sin[ons[t] ~¢s[t]] éns'[t1>+ 3 (1+)?Sin(2 (éns(t] - 9s[t])] ¢s'[t]2] /
(1+ (1+8)2 (1+u) - (L+B)2Cos[gns[t] - ¢s[t]]?)

Impact Transition Map: General Form to Scalar Form (Normalized)

Qn = {{-Beta, -Beta+ (meu (1+Beta)”™~2+2 (1+Beta)) Cos[ThetaNS - ThetaS]}, {0, -Beta}};
Qp = {{Beta (Beta- (1 +Beta) Cos[ThetaNS - ThetaS]), (1+Beta) ((1+Beta) - BetaCos[ThetaNS - ThetaS]) +
1+ meu (1 +Beta)~2}, {Beta”™2, -Beta (1 + Beta) Cos[ThetaNS - ThetaS]}};
Qpinv =
Inverse|[
Qp1;

H = FullSimplify[Qpinv.Qn];
MatrixForm[H]

_ (1+Beta) Cos[ThetaNS-ThetaS]

2+meu+Beta (2+Beta) (1+meu)- (1+Beta)? Cos|[ThetaNS-ThetaS]?2
_ Beta

2+meu+Beta (2+Beta) (1+meu) - (1+Beta)? Cos|[ThetaNS-ThetaS]?2

-2+ (-1+Beta) (1+Beta)? meu+ (1+Beta)? (2+meu+Betameu) Cos[2 (ThetaNS-Theta$) ]
2 Beta (2+meu+Beta (2+Beta) (1+meu)- (1+Beta)? Cos|[ThetaNS-ThetaS]?2)
2 (1+Beta) (l+meu+Betameu) Cos[ThetaNS-ThetaS]
3+2meu+Beta (2+Beta) (1+2meu)- (1+Beta)Z Cos[2 (ThetaNS-ThetaS) |

FullSimplify[H. {ThetaPNS, ThetaPS}]

{- (2Beta (1 + Beta) ThetaPNS Cos[ThetaNS - ThetaS] -
ThetaPS (-2 + (-1 + Beta) (1 +Beta)?meu+ (1+Beta)? (2 +meu +Betameu) Cos[2 (ThetaNS - ThetaS)])) /
(2 Beta (2 + meu + Beta (2 + Beta) (1 +meu) - (1 +Beta)? Cos[ThetaNS - ThetaS]?)),
- (BetaThetaPNS) / (2 + meu + Beta (2 + Beta) (1 +meu) - (1 +Beta)? Cos[ThetaNS - ThetaS]?) +
(2 (1 +Beta) (1+meu+Betameu) ThetaPS Cos[ThetaNS - ThetaS]) /

(3+2meu +Beta (2 +Beta) (1+2meu) - (1+Beta)?Cos[2 (ThetaNS - ThetaS)]) }



