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Abstract

Because the complexity of bipedal walking robots doubles when increasing a model’s dimensions from two to three, many pre-
viously established analytical techniques are computably impractical for three-dimensional models. If bipedal walkers can be
analyzed in three dimensions, we can more accurately reproduce the humanoid walking thatwe observe in our three-dimensional
world. This paper offers a systematic approach to reducing a3D biped model into two dimensions, on which 2D analytical meth-
ods can be used, such as numerical analysis to find the limit cycles that result in asymptotically stable walking. The hybrid reduc-
tion consists of five stages: hybridization of the robot’s motion, Lagrangian formulation of the continuous dynamics, formulation
of the discrete impact transition map, dependency simplification, and the Lagrangian reduction. We present the results of this
method’s application on a simple compass-gait biped using a fixed angle simplification and Routhian reduction. We show that
the reduced model is related to the analogous 2D model by a computable augmented potential component. The model is easily
brought back into 3D using the Routhian relation and can be implemented in a simulation for analysis. Moreover, we provide
supporting evidence for periodicity in the reconstructed 3D model given periodicity in the reduced 2D model. The outcome of this
paperis a general framework by which previously established techniques can be applied to three-dimensional biped models.

1 INTRODUCTION
1.1 Analysis of Planar Walkers

Bipedal walking robots have been an area of interest for the past few decades. The implications of under-
standing such locomotion are great due to its human application. The potential for improving prosthetic
limbs, navigating non-flat terrestrial surfaces, and creating efficient locomotive mechanisms are among the
many incentives that drive research in this field.

A simple bipedal walker is very similar to the dynamical system of a double-pendulum (a fixed-pivot in-
verted pendulum and a moving-pivot pendulum). However, bipeds are non-trivial because of the impulse-
effects upon foot impact. The motion of the biped during the single-support phase is continuous and easily
modeled, but at the instantaneous double-support phase (foot impact) the leg velocities are discontinuous.
The non-smooth hybrid dynamics can be described by continuous ordinary differential equations, which are
reset by a discrete event. The field of hybrid systems is one with many open problems, and analysis on bipedal
walking is a fantastic example.

Most studies to date have focused on planar bipeds, which are models fixed in two dimensions (within the
sagittal plane). One class of planar bipeds consist of those with actuation. These robots have been shown
to walk on level surfaces and inclines, and even various forms of jumping have been achieved [5]. In order to
guarantee steady walking for these feedback controlled systems, asymptotic stability for an under actuated
biped is proven in [10,11].
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Figure 1. Structure of Two-Dimensional Bipedal Walker

Moreover, many have studied the passivity paradigm of bipedal robot control. Passive bipeds are unactuated
and walk down slight slopes, harnessing the natural forces of gravity to power its dynamics. Many forms of
passivity-based control produce bipedal walking with periodic gaits, also known as limit cycles [21, 8]. One
such technique for finding limit cycles is trajectory sensitivity analysis, which we will later use in this paper
[12]. Steady gaits are made slope invariant using potential energy shaping control, a generalization of the very
sensitive slope parameter [22]. A passive walker with telescopic legs is shown in [18], and one with revolute
knees is shown in [7]. In this paper, we are interested in analysis of the passive class of bipeds.

It is important to note that although many analytical methods have been demonstrated on different forms
of bipeds, most have been restricted to planar models. If we are to increase our understanding of human-like
walking, we must study three-dimensional models that more accurately reproduce what we see in our three-
dimensional world. Kuo shows passive limit cycles in three dimensions by using a feedback controller to sta-
bilize the lateral motion [14]. Furthermore, in [23] a general case of an n degrees-of-freedom 3D biped is shown
to achieve slope-invariant passive limit cycles using controlled symmetry of a closed-loop system. We examine
a bipedal model with an open-loop system. Michael Coleman examines a straight-legged, point-foot 3D walker,
buthe only finds almost-stable walking gaits due to the complexity of the analysis [6]. A passive 3D model with
two legs, knees, and specially shaped feet is implemented in [7], butlittle insight is offered into systematically
analyzing such a complicated model. The next sections will explore the problem of 3D analysis and propose our
solution.

1.2 Scaling Complexity from 2D to 3D

1.2.1  Two-Dimensional Compass Gait Biped

In order to explain the problem of scaling complexity when going from 2D to 3D, we first introduce our appli-
cation’s model. Many different bipedal robot structures have been used in previous work, the most prevalent
being the compass-gait biped. A very simple compass-gait biped with leg masses at the feet is presented in
[8], whereas a more general compass-gait biped with a torso is presented in [10]. We use the structure from
[9], which is a simple compass-gait biped with generalized leg mass positions. The two-dimensional version is
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Figure 2. Structure of Three-Dimensional Bipedal Walker

shown in Fig. 1.2.1. The robot’s motion is described by four state variables, the angular positions of the stance

and non-stance/swing legs and their time-derivatives. The parameters and their descriptions are:

1.2.2

M is the point-mass at the hip

m is the point-mass of each leg (usually smaller than the hip mass)

a is the distance between the foot and point-mass for each leg

bis the distance between the point-mass and hip for each leg

lis the total length of each leg (I = a + b)

7 is the slope angle (small, < 5°)

«is the half-angle between the legs in the sagittal plane (equation 3)

0,5 is the clockwise angle of the non-stance/swing leg from the z-axis in the sagittal plane

0 is the clockwise angle of the stance/pivot leg from the z-axis in the sagittal plane

Three-Dimensional Compass Gait Biped

The same robot structure in three dimensions is shown in Fig. 1.2.2. In order to describe the robot’s motion,

each leg needs an angular position state relative to both the x-y plane (¢) and y-z plane (#). This results in an

eight-dimensional phase space: four position variables along with the four corresponding velocities. The 3D

model uses all the 2D parameters, plus the following:
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Figure 3. Hybridization of Bipedal Robot Motion

® ¢, is the counter-clockwise angle of the non-stance/swing leg from the y-axis in the lateral plane

® ¢, is the counter-clockwise angle of the stance/pivot leg from the y-axis in the lateral plane

Numerical analysis and searches on a four-dimensional phase space (S 2 x R?) already takes hours of compu-
tation time. The same methods on an eight-dimensional phase space (S 4 % 1Y) would be computably imprac-
tical.

In this paper, we present a process of hybrid reduction to simplify the model. We exploit symmetries in
the model’s dynamics in order to reduce the system into two dimensions. This allows previously established
techniques to be applied toa familiar four-dimensional phase space. The reduced 2D model is uniquely brought
back into three dimensions, and we present supporting evidence that characteristics of the reduced 2D model
also apply to the reconstructed 3D model.

2 HYBRID REDUCTION FROM 3D TO 2D
2.1 Hybridization of Robot Motion

A hybrid system is described by a directed graph of continuous dynamical systems that are switched at dis-
crete events. Our hybrid bipedal walker will be defined by a discrete state, edge, domain, guard, transition
map, and flow [1]. The discrete state describes the continuous dynamics of the single-support phase. The edge
is a reset transition for the state. The domain D is the phase space of the robot’s configuration (.S R4 for the
full-order model), and the guard G € D at foot impact, i.e.:

Ons(t) + 05(t) = —2yand 0,,4(t) > 0 (1)
The reset map 7" at collision is discussed in the next section. Finally, the flow
Oy (xg), withzg € D

is the solution to the ordinary differential equations that describe the state. This is found using numerical
analysis.

Given a hybrid system, it is important to define a solution. First, the flow is needed for the continuous
dynamical system. A solution to the ODE:

&= f(z)
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Now, the solution to our hybrid system is:
S =(r,x,®) (2)

where
T = {to,tl, ...,tk, } = {ti}ieN

X = {xo, 1, ..o, Tk, .. } = {Ti }ien

and the solution ®;(x;) to the continuous dynamics with initial conditions (x;, t;) satisfy:
1. (I)ti+1—ti (.TZ) ed
2. Tyl = T(q)twlfti (:El))
Moreover, a periodic solution to the hybrid system is:
Sy ={x,7, T}s.t.x; =z, Vi

which implies that
ti - ti—l = tl - to,Vi

2.2 Discrete Foot Impact

When the swing foot hits the slope, the system enacts a reset transition. The angular positions undergo a
change of coordinates: the former swing leg becomes the new pivot leg, and the former stance leg becomes the
new swing leg. The transition of the angular positions in the sagittal plane is described by:

0" = PO~

-(20)

The angular positions of the lateral plane are reset by a different map, but because this 3D model is to be reduced

with:

into 2D, we will present the ¢ reset map when we discuss 3D reconstruction. The same will be done with (b

At foot impact, angular momentum is conserved, so the normal motion of the swing foot is transferred to
the tangential motion of the pivot foot. This transfer of mechanical energy is guided by the system’s reset map,
which is composed of impact equations. Various techniques exist for modeling impulsive impacts. In [10], the
equations are derived with generalized coordinates using the rigid body collision methods of Hurmuzlu and
Marghitu [13]. We use the impact equations of [g] in order to be consistent with the robot model:

where

0s(t) — O,s(t) = 20, Vt (3)



and H («) is given in Appendix (19).
Combining these two transition maps, the reduced model’s reset map is described by:

=T (a)x” (4)
where x = (0,5, 0s, 0,5, QS)T,and
P 0
T.(a) = ( o ) ) (5)

2.3 Lagrangian Continuous Dynamics

The dynamics of the single-support phase are described by ordinary differential equations. In order to derive
these ODEs, we model the continuous system using the Lagrangian formulation. The Lagrangian L accounts
for all energy of a given system, and by definition satisfies [19, 4]:

doL oL
dt 9g; O

=0, Vi € {indices of all position states } (6)
For example, the following equation describing the energy of a free-falling ball of mass m is a Lagrangian:

Ly(0),§(8) = K — V = smg(t)? — my(t)

2
Taking the partials and derivative,
oL
) Y
d OL .
Ao my(t)

and using the definition of Lagrangian (6), we get the simplified expression —g = (). Since this is a free-
falling ball, we know that the downward acceleration is indeed g = 9.88%. This, albeit a trivial example, is the
derivation of the falling ball’s equation of motion.

The Lagrangian formulation of our full-order walker’s dynamics is significantly more complicated, and is
given in Appendix (24). From this Lagrangian, the equations of motion are derived using the same technique
as above. In general form, the system of equations is [8, g,10]:

M(q)j+ F(q,4)d+g(q) =0 (7)

where ¢ = (0,5, 05, Gns, ¢s)T. The 4 x 4 matrix M (q) contains the kinematic terms, and the 4 X 4 matrix
F(q) contains the centrifugal and Coriolis terms. The 4 x 1 vector g(g) holds the gravitational torques, which
are dependent only on the 0 variables.

In order to simplify the equations, the system can be described in normalized form:

ma?(M(q)i + Fa,)d + ~g(a)) =0 ®)

At this point, we introduce the ratio terms 3 = g and p = % The normalized components are given in
Appendix (28, 29,30). The rest of this paper will use normalized form whenever appropriate.

6



2.4 Dependency Simplification

The model derived in the previous section, composed of four lengthy equations, is very complicated. Clearly,
numerical searches on this system would be impractical. Moreover, we do not have the three-dimensional im-
pact equations to reset the hybrid system. All this demonstrates the need for a system reduction, such as
Routhian reduction. However, in order to do Routhian reduction, the system’s Lagrangian must have cyclic
variable(s). A cyclic variable g; is a position state that is independent of the Lagrangian:

oL
0g; B

0 (9)

Once cyclic variables are found, the corresponding velocity states are replaced in terms of the remaining vari-
ables and the conserved quantities.

The Lagrangian from the previous section, given in Appendix (24), has no cyclic variables. Therefore, we
perform a dependency simplification on the system by constraining certain variables. Various constraints were
attempted.

2.41 Limitasleg-mass ratio p goes to infinity

This simplified model is equivalent to an inverted pendulum with a massless, moving-pivot pendulum. By
dividing rows two and four of (8) by 1, the dynamics equations that are influenced by the mass ratio become
dependent on the inverse of p. Taking the limit as ¢t goes to infinity, we get a greatly simplified system. How-
ever, the resulting matrix M (¢), which is used to build the Lagrangian, has no independent angular positions.

2.4.2 Limitasleg-length ratio 3 goes to infinity

This simplified model is equivalent to a robot with leg masses at the foot, similar to the 2D biped of [8]. By
dividing the entire system of (8) by (32, the dynamics equations become dependent on the inverse of 3. Taking
the limit as 3 goes to infinity, we get a marginally simplified system. Once again, the resulting matrix M (q)
has no independent angular positions.

2.4.3 Fixhalf-angle a as a constant

This simplification results in a biped model that walks like a true rotating compass. The constraint and equa-
tion (3) result in a sagittal angle being expressed in terms of the other. We set

0s(t) = O,s(t) + 2
for some constant 2«. It then follows that:
0,(t) = 6,5(t)

Obviously, with this substitution the Lagrangian is independent of one position state, but because the corre-
sponding velocity state is also independent, the simplification is not useful for Routhian reduction. It does,
however, eliminate adimension from the system of equations (now three) and two dimensions from the phase
space (now six). This specific model may be the subject of future studies.
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This simplification results in bipedal walking like that of a rotating divider (or scissors). This style of walking
is not human-like, as can be seen in the step progression of Fig. 4. The constraint ¢,,5(t) = ¢5(t) also implies
that gz'ﬁns (t) = gz'ﬁs (t),and applying these two relations to the Lagrangian, we find two cyclic variables: ¢, and
¢s. The simplified Lagrangian is found in Appendix (31). Moreover, the simplified matrix M (6) is symmetric:

M, (0) = ( Mlf) (o) ) (10)

where = ( Ons O, )T and the symmetric submatrices M (0) and Mj(0) are given in Appendix (32,33).
In the next section, we will use these properties to eliminate the ¢ time-derivatives and thus reduce the
system into two dimensions (the sagittal plane).

2.5 Routhian Reduction

Now that we have a simplified Lagrangian with cyclic variables, we use Routhian reduction to exploit sym-
metries in the system. It should be noted that the cause of system symmetry is not the symmetric trait of matrix
M (0), but rather the absence of any ¢ angular positions within the matrix.

The Routhian is obtained by conserving certain quantities in the Lagrangian [16]. Specifically, we set

_ 0L,(0.6,¢) : .
= - My(0)¢ (11)

r

where 1 is a vector of constants; these are values that are assigned to the conserved quantities. Solving for ¢ in
terms of 7, we obtain the Routhian given by

R(0,0) = Ly(0,6, My(6) " r) — rT My(6)Lr (12)

In this case, because ¢,s = ¢ (thus we have only one unique variable ¢), the matrix M () simplifies toa
scalar function, my(#),and the Routhian vector is replaced by a single constant, ¢. Therefore, the single ¢ term
is represented by the one-dimensional relation:

¢ = (13)

where
ma(6) = b*msin(0,,)? — 2b(a + b)msin(,,,) sin(0,) + ((2a* + 2ab + b*)m + (a + b)>* M) sin(6,)?

Using the expressions of (12),(23), and (31), the Routhian in terms of (13), (22),and (32) is

02

~ 2my(0)

R(6,6) = S0 ML (6)d — V (0) (14)

Now that we have the Routhian in terms of known components, the reduced system of equations is derived
using the definition of Lagrange (6). The proof that a Routhian holds as a Lagrangian is in Appendix B.1.



3  REDUCED MODEL
3.1 Equations of Motion
The reduced system of equations, now two-dimensional, is

N o1 1
ma*(M,(0)0 + F,.(0,0)0 + agr(ﬁ) + m2a4aug(9)) =0 (15)

with the normalized components given in A.4. Matrices M, (f) and F}.(0) are 2 x 2 and vectors ¢,.(6) and
aug(f) are 2 x 1. The first three components describe the same terms as mentioned before, and in fact they are
identical to the components of the original 2D model introduced in 1.2.1 [9]. The new vector aug(#) contains
the augmented terms of the Routhian reduction. An interesting observation is that the reduced system loses
its leg-mass generality because of the augmented component. This vectoris only dependent on 6, so the reduced
2D system can be thought of as the original 2D system with an augmented gravitational torque component.

The reduced system also has an additional parameter, the Routhian constant ¢. This constant describes
the degree of influence of the conserved quantity. That is, a small ¢ results in small arcs in the lateral plane,
whereas a large ¢ creates kicking swings. Moreover, when ¢ is set to zero (no lateral motion), the augmented
term disappears as expected, and we are left with the original 2D model. Therefore, the reduced model is a
generalization of the original 2D model. This is significant because the reduced model is uniquely brought
back into three dimensions in the next section. We have found a generalized two-dimensional system that
describes both the 3D and 2D walker.

3.2 Three-Dimensional Reconstruction

Using the Routhian relation from (11), we can reconstruct the angular velocity of ¢ in terms of 6:

o(t) =

m2<9)

From this, the angular position of the conserved quantity is easily calculated:

(16)

B(t) = dng + / o) (1)

where ¢, is the starting angular position at time ¢y.

Since we are dealing with a third dimension, the reduced transition map is no longer sufficient. The original
map T, (5) is still used to reset the  variables, but additional transition rules are needed for ¢. The angular
velocity (;5 holds through impact because it is dependent on 6, which is reset. When the legs switch at collision,
the angular positions of ¢ are not simply flipped as with the 6 variables. This would do nothing considering
that they are constrained to be equal. Instead, ¢ is bound by the following transition rule:

pt=¢ —7 (18)

This transition is shown in Fig. 4(f).

The reconstructed 3D model is unique because of its dependence on a model that we already know to be
unique. As noted beforehand, the reduced model is the original 2D model with an augmented component. If
the original 2D model is unique (by definition, it is derived uniquely), then that part of the reduced model
is unique. Furthermore, the augmented component and the lateral plane expressions are dependent on the
variables of § from the 2D model. If § is guided by a unique model, then the 3D parts are unique as well.

10



3.3 Limit Cycles in Three Dimensions

Limit cycles are periodic solutions for the hybrid system of a bipedal walker. The goal of this reduction
from 3D to 2D is to facilitate previously established analytical techniques, such as searching the phase space for
limit cycles. Now that we have a reduced model reconstructed into 3D, we can find hybrid solutions that also
correspond to solutions for the higher-order (simplified) 3D model. The proof of this direct mapping is given
in Appendix B.2. However, proving that there exists a hybrid solution that is periodic for both the reduced and
higher-order models is not straight-forward, so we support this claim in the next section.

4 SIMULATION AND RESULTS

With the help of Simon Ng and Haiyang Zheng, we implemented our reconstructed hybrid system in HyVi-
sual (hybrid dynamics) and parent platform Ptolemy I with GR domain (animation) [20, 2, 3]. Using this
continuous-time and discrete-event modeler with custom actors [15], we implemented an algorithm to iterate
over the discretized feasible state space to find initial conditions that correspond to stable limit cycles.

First, we established the parameters of the robot:

o =5 =4°
e =20
e =10
e =05
e g=9.8

The selection of leg mass m and Routhian constant ¢ required more thought. After testing the reduced
model with m = 5 and non-zero ¢, we discovered that the limit cycle’s basin of attraction is far thinner for
small m. In other words, the robot is more sensitive to perturbations and prone to fall over. The motion-
dampening inertial forces in the lateral plane are minimal, so the trajectory of the ¢ variables must be exact.
For this reason, we chose m to be around go, which significantly increased the walker’s stability.

We kept ¢ very small in order to generate human-like arcs in the lateral plane. Natural human walking has a
slight rotation in the lateral in order to avoid scuffing against the stance leg and the ground. This is similar to
the scuffing compensation of McGeer’s passive straight-legged model [17]. In our simulations, ¢ = 0.01.

In order to validate whether each configuration is a fixed-point on the Poincaré return map, we use the
method proposed in [g]. For each set of initial conditions, the algorithm fires the HyVisual simulator over two
steps (a complete cycle) and records the initial conditions at the beginning of the next cycle. The initial con-
ditions are then perturbed and simulated, one at a time, and the results after a complete cycle are subtracted
from the unperturbed cycle’s results to make a difference matrix. The difference matrix is multiplied by the
diagonal matrix of inverted perturbation values. The eigenvalues are calculated from the resulting matrix, and
if the magnitudes are all strictly less than one, the initial configuration is on a limit cycle.

The initial conditions and parameters are simultaneously tuned to find periodicity in both planes. This is
because a periodic cycle in the sagittal does not necessarily correspond to a periodic cycle in the lateral. The

11
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best configuration we found is with ¢ = 0.01 and m = 89:

Ons(to) —0.3771
05(to) 0.2061

Ons(to) | = | 0.15897
0,(to) —1.0667

d(to) —/2

This configuration resulted in a limit cycle in the sagittal plane (Fig. 5(a)) matching those found in [g] and
[22]. Also, we indeed found periodicity in the ¢ variables, shown in Fig. 5(b). The timed evolution of angular
position ¢ appears to be two-step periodic in Fig. 6, but we believe this to either be a discretization error or a
sign that our ¢ and m parameters are very close to one-step periodic values.

5 CONCLUSION AND FUTUREWORK
Even though the plots of this limit cycle are promising, we have not yet achieved natural walking behavior in
avisualization. Currently,a 3D animation by Haiyang Zheng shows the swing leg rotating behind the x-z plane.

That is, the swing leg never reaches stages (d)-(f) of Fig. 4, and instead goes back into the negative y region.

12



There are many subtleties about the reduced model that we do not yet understand. For example, because we
do not have the full-order impact equations, we are unsure whether the 6 variables can really carry ¢ over an
impact. If our assumption is correct, there are symmetries in the impact equations just like the dynamics, but
we cannot be positive until we visually confirm 3D walking,

Despite the remaining problems, we have successfully applied numerical analysis to the reduced model of
a passive 3D biped. We have provided evidence of periodic 3D limit cycles, showing that 2D analytical tech-
niques can be applied to 3D models through reduction. This research has demonstrated the promise of hybrid
reduction, and much future work is necessary.

Westill need to visually map periodic cycles for the reduced model into natural walking. Also, an application
to powered robots is a next step that will test models of the form:

M(q)g + F(q,4)q + g(q) + aug(q) = B(q)

where B(q) is the matrix of actuation torques. We can more elegantly exploit the symmetries of dynamical
systems. A generalization of hybrid reduction will allow analysis of different models and reduction without
simplification constraints. We could potentially reduce a biped model with human-like strides, instead of the
rotating divider motion of this paper’s application. With all these topics to explore, we are certainly walking
towards a greater understanding of three-dimensional bipeds.
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A APPENDIX OF DYNAMICS EQUATIONS
A.1 Impact Equations

The following relationship exists between pre-impact and post-impact angular velocities in the sagittal
plane [o]: . '
@ (@) = Q" ()i
with the normalized forms of @~ () and Q@ () being;

Q;(a) — ma2 ( _Oﬂ _5 + (M(l + 5)2jﬁ2(1 + 5)) COS(QQ) )

07 (@) — ma? ( B8 — (1+ B)cos(20)) (L+A)((L+ ) — Beos(20)) + 1+ (1 + B)? )
n 32 —B(1 + ) cos(2a)

which describe the y-z plane’s angular velocity transition map H («v):

H(a) = QF )@, (a) (19)

13



A.2 Oiriginal Full-Order Continuous Dynamics

The Lagrangian derivation begins with the position vectors of each point-mass on the robot. The time-
derivatives of these yield the velocity vectors, which are used to determine the kinetic energy of the system:

A A T S
K(g,4) = 5 M|l + gmllois|* + Smll&i] (20)

The kinetic energy expressed in terms of matrix M (q) (23) is

1

K(q,q) = 54" M(q)d (21)
Similarly, the potential energy is:
V(q) =V (0) = Mgl cos(0s) + mgacos(fs) + mg(l cos(fs) — bcos(6,5)) (22)
Finally, the Lagrangian is the difference:
) . 1. .
L(g,q) = K(q,d) = V(a) = 54" M(g)d = V() (23)

L(g.q) = %(a2m<sin(93)2¢§ +03) + M (sin(0.)°63 + 67)
+m((bsin(Pps) sin(@ns)éns — sin(¢y) sin(@s)q.ﬁs
—b COS(Pns ) €O8(0rs )05 + L cOs(bs) cos(6)0;)?
+(bcos(¢ns) sin(@ns)éns — Lcos(¢s) sin(@s)gﬁs + bcos(bps) sin(qﬁns)ém
—1cos(0,) sin(p5)0,)% + (bsin(B,s)0,s — Lsin(8,)6,)?))
+bgm cos(0,s) — agm cos(0s) — lg(M + m) cos(6y) (24)

Using the definition of Lagrange (6) to derive the equations of motion, we get the generalized system of (7),
which has the following components (in terms of the normalized components):

M (q) = ma®M,(q) (25)
F(Qa Q> = ma2Fn(Q7 q) (26)
9(q) = ma*gn(q) (27)

The normalized components are:

Mll M12 M13 M14

MTQLl Mg2 MES Mg4
Mn(Q) = Mgl MgQ Mg3 M?A (28)
M?Ll MZQ MZ?’ MCLL4

where matrix M, has entries

M;l _ 62
M2 = (8 +1)B(cos(6ns — 6s) c08(0s) cos(6) + sin(6,.) sin(6,))
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M3 =0 MM = —(B+1)Bcos(0,s) sin(pns — &) sin(6y)

M = e M (14 9Pt 1) 1)

M23 (6 + 1) B cos(0) sin(dps — ¢s) sin(0,,s) M2+ =0

MY =0 M3 = M2

M = 5 gin(6,.)? M3 = (54 1)8 c08(dns — 62) sin(6,0) sin(6,)
Mél — Mé4 M42 =0

M = My M = (14 B)2(u+ 1) + 1) sin(6,)?

Fll F12 F13 F14

) F:%l F:%2 F23 F24
Fu(q,q) = 31 32 F33 F34 (29)
F?Ll FZQ F43 F44

where matrix F}, has entries

Fl'=0
F12 (B + 1)8(cos(dns — ds) c0S(0rs) sin(B,)0; — cos(6)(cos(Ons) Sin(dns — Bs)bs + sin(Ons)0s))

F3 ; %52 SN (20,,5) s ‘ ‘

Fyt = (B +1)8 cos(0ns) (cos(dns — @s) sin(0s)ds — cos(0y) sin(pns — ¢5)05) .

;21 = ((B + 1)B(cos(0,s) cos(8) sin(gns — @s)Pns + (c08(Pns — ds) cos(6) sin(b,s) — cos(0,s) sin(6s))0,5))
=0

F? = (B4 1)8cos(6;)(cos(¢ns — ds) siq(@ns)éns + c08(0s) SIN(Grs — Ds)0ns)

Ft = —5((8+1)*(u + 1) + 1) sin(20,)0,

F31 32 cos(0s) SIN(Bs ) s
F32 —(B+ 1)8sin(0,s (cos(¢m bs) co8(0,) s + sin(6,) sin(Pns — B5)0s)
F33 = 3% cos(0,s) sin (0,
(6
(6

A\/v\./

F¥ = —(B+1)8sin(0ns (sm(gbnS ¢s) sin(05) s + cos(6s) cos(dns — ¢5)0s)
F;‘L‘l = —(B+ 1)3sin(0;)(cos(dns — ds) c0S(Ons)Prs — SiN(Ors) SIN(Gps — Ds)Ons)
Fi2 = ((B+1)*(n+1) + 1) cos(6s) sin(6,) s _
FB = (B4 1)3sin(6,)(sin(¢ns — ¢,) sin(6 ns)gbm coS(bps) cos(Ppns — Bs)0ns)
Fi* = (B4 1)*(n+ 1) + 1) cos(6s) sin(6,)6,

Bgsin(0,,s)
—g((B+ 1) (p+ 1) + 1) sin(0s)

gn(q) = 0 (30)
0
A.3 Simplified Higher-Order Continuous Dynamics
The Lagrangian of the simplified, full-order 3D model is

Ly(6,6,0) = bmgcos(bs) — g(b(m + M) + a(2m + M)) cos(6,)
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1
+§((b2m sin(f,5)? — 2b(a + b)m sin(f,,) sin(fs)

+((2a2 + 2ab + b?)m + (a + b)> M) sin(6,)?) >
+0%mb2, — 2b(a + b)m cos(Brs — 05)6s05
+((2a% + 2ab 4 b*)m + (a + b)>M)6?) (31)

Using this Lagrangian, the simplified kinematics component M () (10) is derived with submatrices:

o 3? —0B(1+ B) cos(0,s — 0s)
M; (0) = ma (—5(1+5) c08(0ns — 02 1+ (14 B8)2(1+ ) ) (32)
oy (3% sin(0,5)? —B(1 + ) sin(f,) sin(6s)
My (0) = ma ( (1 + B)sin(Bn) sin(0) (14 (1+ B)*(1 + o)) sin(6,)? ) G3)

A.4 Reduced Continuous Dynamics

The normalized components of the reduced system (15) are given by:

B 32 —0B(1 + B) cos(0s — 6s)
M:(6) = ( —B(1+ B)cos(Ons —0,) 14 (14 0)*(1+ p) ) 59
- 0 —6(1 + B) sin(0,,, — 0,)0,
F:6,6) = ( B(1L+ B) Sin(Bus — 0,)6n, 0 ) )
. gp Sin(enS)
9-(0) = < —g(1+ (14 8)(1 + p)) sin(6,) > (30)
c23.cos(Ons)(—Bsin(Ons)+(1+6) sin(fs))
aug(f) = | . cos(85) (B(1+5) Sin(@njse)go(r?+(1+5)2(1+#)) sin(6s)) (7)

where denom is the normalized form squared of my(6):

denom = (3 sin(6,5)* — 28(1 + B) sin(f,s) sin(6) + (1 + (1 + B)%(1 + ) sin(,)?)?
B APPENDIX OF PROOES

B.1 A Routhian holds as a Lagrangian

Lemma 1: If L4(6, 9, gb) is a Lagrangian by definition (6), then our Routhian R(0, 9) from (14) is a
Lagrangian,i.e.: ' '
i@R(@,@) B OR(0,0)

- = ) 8
TR ) 0,Vi € {ns,s} (38)
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Proof: First, let us inspect our simplified higher-order Lagrangian (31). Because matrix M (6) is symmetric,
the Lagrangian can be written as

L6.6,) = Si"M.(6)i~V(©)

- %éTMl(é’)é + %q'bTMz(H)dS —V(0) (39)

Although our simplified model has a scalar term for M5(#), we will maintain the term’s generality for this
proof. Now, by applying the definition of Lagrangian to L, we get

d OL,(0,0,6)  OL.(0,6,0)

o o, ) =0,Vi € {ns,s} (40)

If our assumption holds, then the left-hand sides of both (38) and (40) are equal (ignoring index 7):

d OL.(0,0,6) OL.(0,6,6)  dOR(H,6) OR(6,06)
dt o6 L S dt 96 06

Differentiation is a linear operation, so the M; () and V' (#) terms immediately cancel out. Multiplying both
sides by two produces

O3 Mu(0)F) _ 00 My (0)r)

00 00

Because we are conserving certain quantities with the Routhian relation (11), we have the expression:

M T(0)r = rP M (O)r

Matrix My(6) is symmetric, so MZ (§) = My(6). Therefore, the expression is true, and the Routhian is a
Lagrangian.

B.2 Solutions to the reduced model are solutions to the higher-order (simplified) model

Lemma 2: According to the definition of a hybrid system solution in (2),if (®[, 7%, x®) isasolution
to the reduced hybrid system, then (UL, 7% \ ) isasolution to the higher-order hybrid system.

Proof: In order to prove this direct mapping, we must show that the solutions hold for both the continuous
dynamics and the hybrid transition:

Lemma 2.1: If ®(z), where z = (0, 0)7,is a solution for the reduced continuous dynamics, i.e.:

4 OR(¥f(w)) _ OR(®f ()

7 90, — a6, =0,Vi € {ns,s}
then
d;(20)
L t
Ui(zo) = [ & + [, O(7)dr (41)
m2c(9)
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is a solution to the higher-order continuous dynamics, i.e.:

d OL,(Vf(w9))  OL(¥](20))
dt 94 dq;

=0, Vi € {indices of all position states}

Proof: For ¢; = 0,5 and ¢; = 0, the opposite direction of proof B.1 confirms that the definition of La-
grangian (6) holds. This cannot be used on ¢; = ¢ because ¢ is notadefined variable in the Routhian. However,
we know the following properties of L(6, 6, ¢) from 2.4:

OLs (W] (0))
99
From this, the definition of Lagrangian simplifies to
d OLs (W} (x0))
dt o
Moreover, from the definition of the Routhian (11):
OLs(V] (20))
o
Differentiation of a constant is zero, so the previous expression holds. Therefore, the solution to the reduced
continuous dynamics is a solution to the higher-order continuous dynamics.

=0
=0

= m2(9)¢ =cC

Lemma 2.2: If 77 is the set of collision times for the reduced system, then 7L is the set of collision
times for the higher-order system.

Proof: Because the guard G from (1) is dependent only on #, which by Lemma 2.1 holds through the higher-

order dynamics, the collisions in the reduced model happen at the same time as the collisions in the higher-

order model. Therefore, 7% = 7.

Lemma2.3: If7; € xFis
i = T g (1))
where (0, ) uses the reset map given in (5), then y; € x*, defined by
Ty
yi= | bt [ S(r)dr — (42)

ma(60)

is

yi = T (V] (yi-1))

where )
TE(0,0)
TH0.0,0,0)=| ¢ T (43)
ma(67) ¢_

ma(TFH(0-))
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Proof: Because of Lemma 2.1, we know that the flow ®£(;) maps to the flow UZ (z;). Since z; is contained
in y;, the reduced flow also maps to W} (y;). Also, because of Lemma 2.2, the impacts of both systems happen
simultaneously. Thus, the higher-order flow produces pre-impact coordinates:

q (t;) = ‘I’tL(yz)

where q(t) = (0(£),0(t), ¢(t), o(t))"

Clearly, the § and 6 terms of ¢~ hold through the higher-order transition since 7% (43) uses the same map
on those terms as the reduced transition, 7.

According to (41), ¢~ contains:

t; .
¢ =¢i1+ / o(7)dr
ti—1

Applying this to the reset map TE we get the same term minus 7, so ¢ holds through the transition.

Furthermore, ¢~ also contains:

O = 0

When the system goes through the reset map T* the denominator of the ¢ term cancels out, producing

Cc C

my(TF(07))  ma(0)

which is the ¢ term of y;. Therefore, the higher-order coordinates hold through the transition.

Finally, because each part of a solution to the reduced system holds over the higher-order system’s continu-
ous dynamics and hybrid transitions, Lemma 2 is true.
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